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A PROOF OF THE BOCHNER-RIESZ CONJECTURE
Yong-Cheol Kim
Abstract. For f ∈ S(Rd), we consider the Bochner-Riesz operator Rδ of index δ > 0 defined by
R̂δf(ξ) = (1− |ξ|2)δ+ fˆ(ξ).
Then we prove the Bochner-Riesz conjecture which states that if δ > max{d|1/p − 1/2| − 1/2, 0} and
p > 1 then Rδ is a bounded operator from Lp(Rd) into Lp(Rd); moreover, if δ(p) = d(1/p − 1/2) − 1/2
and 1 < p < 2d/(d + 1), then Rδ(p) is a bounded operator from Lp(Rd) into Lp,∞(Rd).
1. Introduction.
Let S(Rd) be the Schwartz space on Rd. For f ∈ S(Rd), we denote the Fourier transform of f
by
F [f ](x) = fˆ(x) =
∫
Rd
e−i〈x,ξ〉f(ξ) dξ.
Then the inverse Fourier transform of f is given by
F−1[f ](x) = fˇ(x) =
1
(2pi)d
∫
Rd
ei〈x,ξ〉f(ξ) dξ.
For f ∈ S(Rd), we consider the Bochner-Riesz operator Rδ of index δ > 0 defined by
R̂δf(ξ) = (1 − |ξ|2)δ+ fˆ(ξ).
For f ∈ S(Rn) and t ∈ R+, we consider Bochner-Riesz means R
δ
t of index δ > 0 defined by
R̂δtf(ξ) =
(
1−
|ξ|2
t
)δ
+
fˆ(ξ).
We introduce a historical progress which has been made on the Bochner-Riesz conjecture. In
1954, C. Herz [6] proved that if δ < max{d|1/p− 1/2| − 1/2, 0} and p > 1, then Rδ is not bounded
on Lp(Rd). C. Fefferman showed in [3] that if δ > max{d|1/p−1/2|−1/2, (d−1)/4} and p > 1, then
Rδ is bounded on Lp(Rd). Two years later than this, L. Carleson and P. Sjo¨lin [1], C. Fefferman [5],
and L. Ho¨rmander [7] proved that this conjecture holds in the planar case. P. Sjo¨lin showed that if
δ > max{3|1/p− 1/2| − 1/2, 1/4} and p > 1, then Rδ is bounded on Lp(R3). This result has been
sharpened by P. Tomas [11] to δ > max{d|1/p− 1/2| − 1/2, (d− 1)/[2(d+ 1)]} and p > 1 ( refer to
[2] for another proof ). Strikingly, C. Fefferman [4] also proved that R0 is never bounded on Lp(Rd)
unless d = 1 or p = 2, which unexpectedly is not the limit case of the Bochner-Riesz conjecture.
Recently, T. Tao [10] obtained an interesting result that the Bochner-Riesz conjecture implies the
Restriction conjecture.
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In what follows we shall denote by B(ξ0; r) ; {ξ ∈ R
d : |ξ−ξ0| ≤ r} the ball with center ξ0 ∈ R
d
and radius r > 0. Given two quantities A and B, we write A . B or B & A if there is a positive
constant c ( possibly depending only on the dimension d and the index p to be given ) such that
A ≤ cB. We also write A ∼ B if A . B and B . A. For a multi-index α = (α1, α2, · · · , αd) ∈
(N ∪ {0})d, we denote its size |α| by |α| ; α1 + α2 + · · ·+ αd.
Theorem 1.1. If δ > max{d|1/p− 1/2| − 1/2, 0} and p > 1, then we have the uniform estimates∫
Rd
|Rδf(x)|p dx .
∫
Rd
|f(x)|p dx.
Moreover, if δ(p) = d(1/p − 1/2) − 1/2 and 1 < p < 2dd+1 , then we obtain the following weak type
estimates ∣∣∣{x ∈ Rd : |Rδ(p)f(x)| > λ}∣∣∣ . 1
λp
∫
Rd
|f(x)|p dx, λ > 0.
Corollary 1.2. If δ > max{d|1/p− 1/2| − 1/2, 0} and p > 1, then the Bochner-Riesz means Rδt f
converges to f in Lp(Rd) as t→∞, for any f ∈ Lp(Rd).
2. Preliminary estimates.
First of all, we prove weak-Lp ( 1 < p ≤ 2 ) variants of a useful lemma [9] due to E. M. Stein
and N. J. Weiss on summing up weak-L1 type functions.
Lemma 2.1. Let 1 < p ≤ 2 be given. Suppose that {hk} is a sequence of nonnegative measurable
functions on a subset Ω of Rd such that
|{x ∈ Ω : hk(x) > λ}| ≤
A
λp
, λ > 0,
where A > 0 is a constant. If {ak} is a sequence of positive numbers with ‖{ak}‖ℓ1 ≤ 1, then we
have the following estimate∣∣∣∣∣{x ∈ Ω : ∑
k
akhk(x) > λ}
∣∣∣∣∣ . 2p pp− 1 ‖{ak}‖ℓ1 Aλp , λ > 0.
Proof. Fix λ > 0. For k ∈ N, set lk = hk χLk , mk = hk χMk , and uk = hk χUk where
Lk = {x ∈ Ω : hk(x) < λ/2},
Mk = {x ∈ Ω : λ/2 ≤ hk(x) ≤ λ/2 ak},
and
Uk = {x ∈ Ω : hk(x) > λ/2 ak}.
Then we have that l(x) ;
∑
k ak lk(x) < λ/2 and u(x) ;
∑
k ak uk(x) = 0 except on E1 ; ∪k Uk,
which has
|E1| ≤
2pA
λp
‖{ak}‖
p
ℓp ≤
2p
p− 1
‖{ak}‖
p
ℓp
A
λp
.
So we have that
|{x ∈ Ω : l(x) + u(x) > λ/2}| ≤ |{x ∈ Ω : l(x) > λ/2}|+ |{x ∈ Ω : u(x) > 0}|
≤ |E1| ≤
2p
p− 1
‖{ak}‖
p
ℓp
A
λp
.
(2.1)
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For k ∈ N, let µk(α) = |{x ∈ Ω : hk(x) > α}| for α > 0 and let m(x) =
∑
k ak mk(x). Then we
obtain that ∫
Ω
m(x) dx =
∑
k
ak
∫
Ω
mk(x) dx = −
∑
k
ak
∫ λ
2ak
λ
2
α dµk(α)
=
∑
k
ak
(∫ λ
2ak
λ
2
µk(α) dα − [αµk(α)]
λ
2ak
λ
2
)
≤
∑
k
ak
(∫ λ
2ak
λ
2
A
αp
dα+
2p−1A
λp−1
)
=
A
p− 1
∑
k
ak
[(
λ
2
)1−p
−
(
λ
2ak
)1−p]
+
2p−1A
λp−1
‖{ak}‖ℓ1 .
Hence we have that
|{x ∈ Ω : m(x) > λ/2}| ≤
2
λ
∫
Ω
m(x) dx
≤
2p
p− 1
( ‖{ak}‖ℓ1 − ‖{ak}‖
p
ℓp )
A
λp
+
2pA
λp
‖{ak}‖ℓ1
≤
2p p
p− 1
‖{ak}‖ℓ1
A
λp
−
2p
p− 1
‖{ak}‖
p
ℓp
A
λp
.
(2.2)
Therefore we complete the proof by summing up (2.1) and (2.2). 
For δ > 0, let us consider the Bochner-Riesz kernel Kδ defined by
K̂δ(ξ) = (1− |ξ|2)δ+.
From standard estimates on the Bessel functions Jν ( ν > −1 ), it is well-known that
Kδ(x) = Γ(δ + 1) 2
d
2
+δpi
d
2
J d
2
+δ(|x|)
|x|
d
2
+δ
.
Furthermore, it easily follows from the asymptotic result ( see [12] ) of J d
2
+δ(|x|) that
(2.3) Kδ(x) ∼
1
(1 + |x|)δ+
d+1
2
.
Next, we shall show that at the critical index δ(p) = d(1/p− 1/2)− 1/2 ( 1 < p < 2d/(d+ 1) ) the
following summation of N -th derivatives∑
|α|=N
1
α!
DαKδ(p)(x)
of the Bochner-Riesz kernel Kδ(p) has the same decay as that of the kernelKδ(p) with the constant not
depending uponN ∈ N, where α = (α1, α2, · · · , αd) ∈ (N∪{0})
d is a multi-index, α! = α1!α2! · · · αd!,
and
DαKδ(p)(x) ; Dα11 D
α2
2 · · · D
αd
d K
δ(p)(x) =
(
∂
∂x1
)α1 ( ∂
∂x2
)α2
· · ·
(
∂
∂xd
)αd
Kδ(p)(x).
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We observe that for any multi-index α = (α1, α2, · · · , αd) ∈ (N ∪ {0})
d,
(2.4) D̂αKδ(p)(ξ) = i|α|ξα (1− |ξ|2)
δ(p)
+ ,
where we denote by ξα = ξα11 ξ
α2
2 · · · ξ
αd
d . For α ∈ (N ∪ {0})
d, we set K
δ(p)
α (x) = DαKδ(p)(x). Then
we note that
(2.5)
̂
K
δ(p)
α (ξ) = i
|α|ξα ϕ(ξ) (1 − |ξ|2)
δ(p)
+
where ϕ ∈ C∞0 (R
d) is a function supported in the ball B(0; 2) so that ϕ(ξ) ≡ 1 on the unit ball
B(0; 1). Then we obtain that
(2.6) Kδ(p)α (x) = Hα ∗ K
δ(p)(x)
where Ĥα(ξ) = i
|α|ξα ϕ(ξ). Now it easily follows from the integration by parts that for each M ∈ N,
there are constants η = η(M), µ = µ(M) > 0 such that for any α ∈ (N ∪ {0})d,
(2.7) |Hα(x)| ≤ η µ
|α|(1 + |x|)−M .
Here we note that η = η(M), µ = µ(M) > 0 are independent of α. We now choose M = M0 ;
[d/p+ d+ 2]. By (2.3) and (2.7), we have that for any α ∈ (N ∪ {0})d,
|Kδ(p)α (x)| ≤ |Hα| ∗ |K
δ(p)|(x)
.
∫
Rd
η(M0) [µ(M0)]
|α|
(1 + |x− y|)d/p
1
(1 + |y|)d/p
1
(1 + |x− y|)d+1
dy
.
η(M0) [µ(M0)]
|α|
(1 + |x|)d/p
∫
Rd
1
(1 + |y|)d+1
dy
.
η(M0) [µ(M0)]
|α|
(1 + |x|)d/p
,
(2.8)
since 1 + |x| ≤ (1 + |x− y|)(1 + |y|) for any x, y ∈ Rd. Thus, by (2.8) and the multinomial theorem,
we obtain that for any N > d [µ(M0)],∑
|α|=N
1
α!
|DαKδ(p)(x)| .
∑
|α|=N
1
α!
η(M0) [µ(M0)]
|α|
(1 + |x|)d/p
=
dN [µ(M0)]
N
N !
η(M0)
(1 + |x|)d/p
.
η(M0)
(1 + |x|)d/p
.
(2.9)
Hence, we easily obtain the following lemma and corollary.
Lemma 2.2. If δ(p) = d(1/p − 1/2) − 1/2 for 1 < p < 2d/(d + 1), then we have the following
uniform estimate; there are constants µ0 = µ([d/p+ d+ 2]) > 0 and η0 = η([d/p+ d+ 2]) > 0 given
in (2.8) such that for any N > dµ0,
|Kδ(p)(x)| +
∑
|α|=N
1
α!
|DαKδ(p)(x)| .
η0
(1 + |x|)d/p
,
where α ∈ (N ∪ {0})d is a multi-index.
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Corollary 2.3. If δ(p) = d(1/p − 1/2) − 1/2 for 1 < p < 2d/(d + 1), then we have the following
uniform estimate; there is a constant C > 0 depending only on the dimension d and the index p such
that for any N ∈ N,
|Kδ(p)(x)| +
∑
|α|=N
1
α!
|DαKδ(p)(x)| .
C
(1 + |x|)d/p
,
where α ∈ (N ∪ {0})d is a multi-index.
3. The proof of Theorem 1.1.
Since the Bochner-Riesz operator Rδ is translation invariant, by duality and interpolation argu-
ment we just concentrate upon the weak type estimates of Rδ on 1 < p ≤ 2.
Lemma 3.1. If δ(p) = d(1/p− 1/2)− 1/2 for 1 < p < 2dd+1 , then we obtain the following estimate
sup
λ≥1
λp
∣∣∣{x ∈ Rd : |Rδ(p)f(x)| > λ}∣∣∣ . ∫
Rd
|f(x)|p dx.
Lemma 3.2. If δ(p) = d(1/p− 1/2)− 1/2 for 1 < p < 2dd+1 , then we obtain the following estimate
sup
0<λ<1
λp
∣∣∣{x ∈ Rd : |Rδ(p)f(x)| > λ}∣∣∣ . ∫
Rd
|f(x)|p dx.
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